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a b s t r a c t
The k-independence number of G, denoted as αk(G), is the size of
a largest k-colorable subgraph of G. The direct product of graphs G
and H , denoted as G×H , is the graph with vertex set V (G)×V (H),
where two vertices (x1, y1) and (x2, y2) are adjacent in G× H , if x1
is adjacent to x2 in G and y1 is adjacent to y2 in H . We conjecture
that for any graphs G and H ,
αk(G× H) ≤ αk(G)|V (H)| + αk(H)|V (G)| − αk(G)αk(H).
The conjecture is stronger than Hedetniemi’s conjecture.We prove
the conjecture for k = 1, 2 andprove thatαk(G×H) ≤ αk(G)|V (H)|
+ αk(H)|V (G)| − αk(G)α(H) holds for any k.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
It is well known that for any graphs G and H ,
α(G× H) ≥ max{α(G)|V (H)|, α(H)|V (G)|} (1)
and that there exist products so that the left side of (2) is arbitrary larger than the right side (see [3,4]).
On the other hand, there exist products so that equality holds in (2). For example in [5] the authors
prove that for any vertex transitive graph G, α(G×G) = α(G)|V (G)|. This result is generalized in [7,8]
where it is shown that
α(G× H) = max{α(G)|V (H)|, α(H)|V (G)|}
for any vertex transitive graphs G and H . Moreover, the structure of maximum independent sets in
products of vertex transitive graphs is determined in [7].
The k-independence number of G, denoted as αk(G), is the size of a largest k-colorable (induced)
subgraph of G. It was asked in [6] whether for any pair of vertex transitive graphs and any kwe have
αk(G× H) = max{αk(G)|V (H)|, αk(H)|V (G)|}. (2)
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A rather easy application of the No-Homomorphism Lemma gives a positive answer to the above
question when G and H are isomorphic vertex transitive graphs (see [1]).
Hedetniemi’s conjecture states that for any graphs G and H
χ(G× H) = min{χ(G), χ(H)}.
The proof of the conjecture is straightforward if G and H are 3-colorable. For products of 4-colorable
graphs the conjecture was confirmed in [2]. Later appeared fractional version of the conjecture which
claims that
χf (G× H) = min{χf (G), χf (H)},
where χf denotes the fractional chromatic number (see Section 3 for the definition). The fractional
version of Hedetniemi’s conjecture was confirmed in [10].
In this paper we study the k-independence number of direct products. There is a natural way of
constructing k-colorable subgraphs in direct product G× H . If X induces a k-colorable subgraph of G
and Y a k-colorable subgraph of H , then
(X × V (H)) ∪ ((V (G)− N[X])× Y )
is a k-colorable subgraph ofG×H (hereN[X] is the closed neighborhood of X). Clearly, any k-colorable
subgraph constructed in such way will be smaller than
Mk(G,H) = αk(G)|V (H)| + αk(H)|V (G)| − αk(G)αk(H).
Nevertheless, it is shown in next section that we may find a sequence of products Gn × Hn so that
αk(Gn × Hn)
Mk(Gn,Hn)
→ 1
as n tends to infinity (see the proof of Corollary 2.3).
In this paper we rise the following conjecture.
Conjecture 1.1. For any graphs G and H and any positive integer k,
αk(G× H) ≤ αk(G)|V (H)| + αk(H)|V (G)| − αk(G)αk(H). (3)
It is easy to see that the above conjecture is stronger than Hedetniemi’s conjecture. Indeed, if G and H
are not k-colorable, then
αk(G)|V (H)| + αk(H)|V (G)| − αk(G)αk(H) < |V (G)× V (H)|
and therefore (3) gives χ(G × H) > k. It follows that χ(G × H) ≥ min{χ(G), χ(H)}. However, for
vertex-transitive graphs, Conjecture 1.1 is weaker than equality (2). Note also that the special case of
(3), when k = 3, implies that products of 4-chromatic graphs are 4-chromatic, which was first proved
in [2].
In this paper we prove Conjecture 1.1 for k = 1, 2, and prove that
αk(G× H) ≤ αk(G)|V (H)| + αk(H)|V (G)| − αk(G)α(H)
is true for any k. In the last section we give a short discussion on related questions and problems.
2. Results
First we fix the notation and the terminology. The direct product of graphs G = (V (G), E(G)) and
H = (V (H), E(H)), denoted as G × H , is the graph with vertex set V (G) × V (H), where (x1, y1) and
(x2, y2) are adjacent in G × H if x1x2 ∈ E(G) and y1y2 ∈ E(H). Let u ∈ V (G) and v ∈ V (H). The set
Gv = {(x, v) | x ∈ V (G)} is called a G-layer in G × H , and Hu = {(u, y) | y ∈ V (H)} is an H-layer
in G × H . For a set X ⊆ V (G × H) we define Xu = X ∩ Hu and Xv = X ∩ Gv . We say that (x, y) is a
G-neighbor of (x′, y) if x is a neighbor of x′ in G (although the vertices are not adjacent in the direct
product). Similarly we say that (x, y) is an H-neighbor of (x, y′) if y is a neighbor of y′ in H . The set of
all G-neighbors of X is denoted by NG(X), and similarly, the set of all H-neighbors of X is denoted by
NH(X). The complement of a set X is denoted by X .
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Theorem 2.1. For any graphs G and H and any positive integer k,
αk(G× H) ≤ αk(G)|V (H)| + αk(H)|V (G)| − αk(G)α(H).
Proof. Let I be a subset of V (G × H) that induces a k-colorable subgraph. Let I1, I2, . . . , Ik be color
classes of a k-coloring of I . Let Ji be the set of all (x, y) ∈ Ii that have at least oneH-neighbor (x, y′) ∈ Ii.
Furthermore, let Ki = Ii \ Ji. Define
J =
k
i=1
Ji and K =
k
i=1
Ki.
Note that for each v ∈ V (H) the projection of Jv to G induces a k-colorable subgraph of G, and for each
u ∈ V (G) the projection of Ku to H induces a k-colorable subgraph of H . Clearly,
|I| =
−
u∈V (G)
|Ku| +
−
v∈V (H)
|Jv|.
To finish the proof we need to show that−
u∈V (G)
(αk(H)− |Ku|)+
−
v∈V (H)
(αk(G)− |Jv|) ≥ α(H)αk(G).
Let X be a maximum independent set in H . Let Y = (V (G)× X) ∩ J . Since X is an independent set we
find that the projection of Yu ∩ Ji to H induces an independent set for all u ∈ V (G) and i ≤ k. Also the
projection of Ku ∩ Ki to H induces an independent set for all u ∈ V (G) and i ≤ k. The projections of
Ku ∩ Ki and Yu ∩ Ji to H are nonadjacent in H . Therefore αk(H)− |Ku| ≥ |Yu| for each u ∈ V (G). Hence−
u∈V (G)
(αk(H)− |Ku|)+
−
v∈V (H)
(αk(G)− |Jv|) ≥ |(V (G)× X) ∩ J| +
−
v∈X
(αk(G)− |Jv|)
=
−
v∈X
|Jv| +
−
v∈X
(αk(G)− |Jv|) = α(H)αk(G). 
For k = 1 the above theorem gives the following corollary.
Corollary 2.2. For any graphs G and H,
α(G× H) ≤ α(G)|V (H)| + α(H)|V (G)| − α(G)α(H).
The following corollary shows that the bound in Conjecture 1.1 is optimal in the sense that we may
find a sequence of products Gn × Hn so that
αk(Gn × Hn)
Mk(Gn,Hn)
→ 1.
The corollary below proves this for k = 1, but a similar construction works for any k.
Corollary 2.3. For any two graphs G and H,
α(G× H) ≤ 2 ·max{α(G)|V (H)|, α(H)|V (G)|},
and the constant 2 is best possible.
Proof. The bound follows directly from Corollary 2.2. To see that the constant 2 is best possible,
consider the graph Gm,n obtained from Kn and a star on m vertices by identifying a vertex of Kn with
the central vertex of the star. Since the set of all vertices of degree one is an independent set in Gm,n
and wemay construct an independent set in Gm,n×Gm,n as described in the introduction, we see that
α(G× H)/max{α(G)|V (H)|, α(H)|V (G)|} → 2
when G = H = Gm,n, n = 2m andm goes to infinity. 
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Theorem 2.4. For any graphs G and H,
α2(G× H) ≤ α2(G)|V (H)| + α2(H)|V (G)| − α2(G)α2(H).
Proof. Let I ⊆ V (G × H) be a set that induces a bipartite subgraph of G × H , and let I1 and I2 be
two independent sets that partition the set I . Let Ji be the set of all (x, y) ∈ Ii that have at least one
H-neighbor (x, y′) ∈ Ii. That is,
Ji = {(x, y) ∈ Ii | ∃y′ such that (x, y′) ∈ Ii and yy′ ∈ E(H)},
and let Ki = Ii \ Ji for i = 1, 2. Furthermore, let J = J1 ∪ J2 and K = K1 ∪ K2. Note that for each
u ∈ V (G) the projection of Ku toH induces a bipartite graph inH , and for each v ∈ V (H) the projection
of Jv to G induces a bipartite graph in G. Let X ′ be a largest bipartite subgraph of G and Y ′ a largest
bipartite subgraph of H , and let X = X ′ × V (H), Y = V (G) × Y ′. Denote by Y ′1 and Y ′2 a partition
of Y ′ on two independent sets, and by X ′1 and X
′
2 a partition of X
′ on two independent sets. Define
Y1 = V (G) × Y ′1, Y2 = V (G) × Y ′2 and X1 = X ′1 × V (H), X2 = X ′2 × V (H). Since J and K partition the
set I ,
|I| =
−
u∈V (G)
|Ku| +
−
v∈V (H)
|Jv|.
To finish the proof we need to show that−
u∈V (G)
(α2(H)− |Ku|)+
−
v∈V (H)
(α2(G)− |Jv|) ≥ α2(H)α2(G).
Let L be the set of vertices (x, y) ∈ K ∩ Y ∩ X that have at least one H-neighbor (x, y′) ∈ I ∩ Y . Since
for each u ∈ X ′, the projection of Ku to H is bipartite, it follows that also the projection of (Ku ∩ Y ) \ L
to H is a bipartite subgraph of H . Since also the projection of Iu ∩ Y to H induces a bipartite graph we
see that the projection of
((Ku ∩ Y ) \ L) ∪ (Iu ∩ Y ),
induces a disjoint union of two (non-adjacent) bipartite graphs for all u ∈ X ′. Let M be the set of
vertices (x, y) ∈ (Y ∩ X) \ I that have at least one G-neighbor in I and M1 be the set of vertices
(x, y) ∈ (Y ∩ X) \ I that have at least one G-neighbor in I1. DefineM2 = M \M1. In the sequel we will
prove that for all u ∈ X ′,
α2(H) ≥ |(Ku ∩ Y ) \ L| + |Iu ∩ Y | + 12 |Mu|. (4)
Without loss of generality assume that
|(Y1 ∩M1)u| + |(Y2 ∩M2)u| ≥ |(Y1 ∩M2)u| + |(Y2 ∩M1)u|.
Since the sum of both sides of the above inequality equals |Mu| it follows that
|(Y1 ∩M1)u| + |(Y2 ∩M2)u| ≥ 12 |Mu|.
No vertex in (Y1 ∩ M1)u has an H-neighbor in Ku ∩ Y ∩ I1, and similarly, no vertex in (Y2 ∩ M2)u has
an H-neighbor in Ku ∩ Y ∩ I2. It follows that the projection of
((Ku ∩ Y ) \ L) ∪ (Iu ∩ Y ) ∪ (Y1 ∩M1)u ∪ (Y2 ∩M2)u
to H induces a bipartite graph with independent sets
((Ku ∩ Y ∩ I1) \ L) ∪ (I ∩ Y1)u ∪ (Y1 ∩M1)u and
((Ku ∩ Y ∩ I2) \ L) ∪ (I ∩ Y2)u ∪ (Y2 ∩M2)u,
which proves (4). Let N be the set of vertices (x, y) ∈ J ∩ Y ∩ X that have at least one H-neighbor
(x, y′) ∈ K . It follows from the definition of K that (x, y) ∈ N ∩ I1 (resp. (x, y) ∈ N ∩ I2) implies that
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the H-neighbor (x, y′) ∈ K is in I2 (resp. I1). Hence, every vertex in N has at least one H-neighbor in I1
and at least oneH-neighbor in I2. Therefore for each v ∈ Y ′, the projection ofNv toG is an independent
set in G. Note also that no vertex in N has a G-neighbor in I . Since X ′ is a largest bipartite subgraph of
Gwe have
|NG(Nv) ∩ X | ≥ |Nv|
for each v ∈ Y ′. Note also that NG(N) ∩ X ⊆ M and therefore |M| ≥ |N|. We next claim that for each
u ∈ X ′,
α2(H) ≥ |Ku| + |(Ju ∩ Y ) \ Nu| + 12 |Nu|.
Without loss of generality assume that
|Nu ∩ J1 ∩ Y1| + |Nu ∩ J2 ∩ Y2| ≥ |Nu ∩ J2 ∩ Y1| + |Nu ∩ J1 ∩ Y2|.
The sum of both sides of the above inequality equals |Nu| and therefore
|Nu ∩ J1 ∩ Y1| + |Nu ∩ J2 ∩ Y2| ≥ 12 |Nu|.
Since Y ′ is bipartite we see that the projection of
(Nu ∩ J1 ∩ Y1) ∪ (Nu ∩ J2 ∩ Y2) ∪ Ku ∪ ((Ju ∩ Y ) \ Nu)
to H is bipartite, and it has the desired size. The partition of the above set is given by
(K1)u ∪ (Nu ∩ J1 ∩ Y1) ∪ ((Ju ∩ Y1) \ Nu) and
(K2)u ∪ (Nu ∩ J2 ∩ Y2) ∪ ((Ju ∩ Y2) \ Nu).
The projections of Jv and Lv to G are non-adjacent because each vertex in Lv ∩ I1 (resp. Lv ∩ I2) has an
H-neighbor in I2 (resp. I1). Since Jv and Lv are both bipartite, we see that for each v ∈ Y ′
α2(G) ≥ |Jv| + |Lv|.
Now we have−
u∈V (G)
(α2(H)− |Ku|)+
−
v∈V (H)
(α2(G)− |Jv|)
=
−
u∈X ′
(α2(H)− |Ku|)+
−
u∈X ′
(α2(H)− |Ku|)+
−
v∈Y ′
(α2(G)− |Jv|)+
−
v∈Y ′
(α2(G)− |Jv|)
≥
−
u∈X ′
(|(Ku ∩ Y ) \ L| + |Iu ∩ Y | + 12 |Mu| − |Ku|)
+
−
u∈X ′
(|Ku| + |(Ju ∩ Y ) \ Nu| + 12 |Nu| − |Ku|)+
−
v∈Y ′
(α2(G)− |Jv|)+
−
v∈Y ′
(|Jv| + |Lv| − |Jv|)
≥
−
u∈X ′
(|Ku ∩ Y | + |Iu ∩ Y | − |Ku|)− |L| + 12 |M| +
−
u∈X ′
|Ju ∩ Y | − 12 |N|
+α2(G)α2(H)−
−
v∈Y ′
|Jv| + |L|.
Since |M| ≥ |N|, and Iu is a disjoint union of Ku and Ju, the above expression is at least−
u∈X ′
(|Ku ∩ Y | + |Ku ∩ Y | + |Ju ∩ Y | − |Ku|)+
−
u∈X ′
|Ju ∩ Y | + α2(G)α2(H)−
−
v∈Y ′
|Jv|
=
−
u∈X ′
|Ju ∩ Y | +
−
u∈X ′
|Ju ∩ Y | + α2(G)α2(H)−
−
v∈Y ′
|Jv| = α2(G)α2(H). 
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3. Concluding remarks
Let I be the family of all independent sets inG. A fractional coloring ofG is a function f : I→ [0, 1]
such that for each x ∈ V (G)we have−
I∋x
f (I) ≥ 1. (5)
The weight of f is simply
∑
I∈I f (I). The fractional chromatic number of G, denoted by χf (G), is
the minimum weight of a fractional coloring of G. It is well known that for vertex-transitive graphs
χf (G) = V (G)/α(G). Hence for vertex-transitive graphs, the equality
α(G× H) = max{α(G)|V (H)|, α(H)|V (G)|}
proved in [7] is equivalent to
χf (G× H) = min{χf (G), χf (H)},
proved in [10].
Now we generalize the above definition and define a fractional parameter which we denote by
χ kf (G). So let I be the family of all subsets that induce a k-colorable subgraph of G and assume that
f : I → [0, 1] satisfies (5). The minimum weight of such function f is denoted by χ kf (G). For vertex
transitive graphs we have χ kf (G) = V (G)/αk(G) and therefore for this class of graphs, equality (2) is
equivalent to
χ kf (G× H) = min{χ kf (G), χ kf (H)}. (6)
Therefore potential equality (6) for arbitrary graphs generalizes equality (2) for vertex-transitive
graphs. Clearly, χ kf (G× H) ≤ min{χ kf (G), χ kf (H)}, so we may ask if the other inequality is also true.
The Poljak–Rödl function f is defined
f (n) = min{χ(G× H) | χ(G) = χ(H) = n}.
Hedetniemi’s conjecture claims that f (n) = n, however it is not known if f goes to infinity as n goes
to infinity. In fact, it was proved (see for example [9]) that either f goes to infinity or is bounded by 9.
An answer to the below question would resolve the mystery related to the Poljak–Rödl function f .
Question 3.1. Is there a function ω : N→ N so that for every k
αk(G× H) ≤ αω(k)(G)|V (H)| + αω(k)(H)|V (G)| − αω(k)(G)αω(k)(H)?
We also give a weaker conjecture as an intermediate between Theorem 2.4 and Conjecture 1.1 for
k = 3.
Conjecture 3.2. For any graphs G and H,
α3(G× H) ≤ α3(G)|V (H)| + α3(H)|V (G)| − α3(G)α2(H).
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